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01 c pa 1e ohin for th t d ff1 cul t taa . If ~ h 
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oat pable chin t o t n t 0 di cult •• . Con 1nue 

until t a to ot chin a of t.h ID.O cap a l t yp 1s 
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MA THBMA TICAL ,J'ORMULA 

Le a l j h 0 o " a p rfo d y un l 1 put. 

o f mach in T order1n 0 ch l n c pa 1 1 y 

tf cu , r 8 c t !.v ly, can a ll ow : 

( 1 ) 1f > 0 a 1 ' < 1, t.h 1'j ) Oi 

(2 ) if > 0 an I > ai > o. I ' 

w t'ur her as t 1 1 < 1 ' and < J , t 

M C i n i' i cap a e r ~<1 a j a a ll, 1 i 

be r evo chin 1 t o a k J 8 t oun of 

re l oc of c 1n 1. for as Tha 18, t o tpu t 

of t a ' t or i t 1npu or mach1n 1 18 88 han th 

outp a ch1 vable by vo 1 he 1 ot aach1ne 1 to 8 k J 

and ln t e aun t ot mach1 1' t t woul ha v be n 

ne d t o f o h 0 t 0 k J 0 h p rforaano 

ot • By f1n1t 1on , 1 r equi r a a 1 / a1 ,J un1 of 

lla h1n i' o p r orra t 8 0 of a k J a one un1 

ot ch n i; hen I a a a t1on c n e ress 8 fol OWl : 

( 3 ) 1 1 < 1 . , J < J I I nd a1 ' > 0 , n 

1 J' 1 / a11 J ) i' J '; tha 1 8, <• t j' / lj) < ( 'J' / l 'J ), 

alnc by ( 1 ) tne ne l i ty 1'J) 01 1 :s a1 J ) o. 
Le 



M~ ~ th number of uni t s or the i-th t yp mach1 e 

( 1 • 1 , 2, . .. , en)., 

TJ • t he numb r of unite or the J-th t ype t aa to b 

perforaed (j • 1 , 2, ... , n), 

x1 J - t he Qumber or unit s or the i- h t yp machine 

aas1gned to t he J- t h type tas , 

'r • (i1J) r • the se t or x1J•s de fined a coord1n o 

the a1 orithm described in the 1nt roduct1 n ~1en 

appl ied o the t1ra t r t asks. 

'l'hue 

x 1 • n ("1' .: ~) · 
I f x11 • M1, hen x J • 0 fo r J ) 1 , and 

~1 • lli.n (~· T ) 
If 

Tl 
hen x J 0 t o 1 1 , and 1 - - , 

• 11 

~ 
'f 

.;2) ' 12 - n - -, 
a ll 

and 8 0 on . 

'1'HBORDI AND PROOP 

W 11 eatabl1ah he fo ow n r eult . 

If any dure sat11f1es a g1v n 

prograa or nea and a lgorithm oea a l so, 

1 



~1 
9-12-57 

-5-

and in addition 1t nax1m1zea the amount or work done on th 

l ast taak type while meeting the other taak requirements. 

We pres t pr oof by lnduct1on. 

Let Pr be the eet or x1J•a sat1afy1n the condltlona 

(5) ( i • 1, ... , m), 

( ) (J , ... , r). 

We are see 1 o prove that 1f Pn is nonnu 1, t hen lt 

on tal s Xn. 
t p 

1 e lnellr pro ranal problem or max1Jil1z1n 

( ) 

amon . t e elemen a of P' -that !a, max1.m1z1 t he work on 

rr ( r + 1) t ype 8 wh1 at a yin t _e requ1re~nt 

on t tasks r he fi r st typ We want t o pro Lhe 

ollowin •; statements: 

( ) lon s o F h n X +1 solves Pr+ , 

) o e h be1on a o P 1. 

,. two s t s to r mp y that lr+l elo e ~ o Pr 1 
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1~ 'r belonga to Pr. No• 1o clearly belonea to P0; hence 

induction eatabl1ahes the result that ~ belonga to Pr tor 

all r ~ n, and therefore 'n belonga to Pn· 

!he proot of (9) 11 obvious. Since Pn 1a nonnull, t here 

11 a aet ct x1J•s belons1ng to Pr tor Which (7) ~ee on a 

value at leaat ae great aa Tr+l (since an element or P
0 

belonge 

to 'r tor al l r). rro. (8}, then, (7) muet take on at least 

aa great a Y&lue .nen 'r+l 11 aubat1tu t ed tor the xiJ•s. Hence 

lr+l belonga to Pr+1• 
-

'l'o prove (8), we aaaume tbat 'r 1a 1n P r. Construct ~+l 

tram 'r by diverting any poaa1ble excess machine time tram the 

r-th tJPe taak to the ( r + 1 )-4t tn>e taak according to the 

allor1tha. It 11 easy to aee that the aet 'r+l torme a basta 

tor the linear progr-tng pro le• P r+l. BY conatruction there 

are • +I" baalc variablea ) 0 that form a "path" ot a tepa to the 

right an4 clOWlward tbrOugh the (m by r + 1) •trtx of (x13 ) in 

P r+l' atart1118 at x11 and ending at Xm.,r+l. (It an 1111 and a 

TJ are exhauated aimultaneoualy, we choose x1+l ,J • 0 for the 

baa1a.) 

Let p1 and qJ be the dual variables aaaoc1ated with the 

1nequal1t1ea (5) and (6), reapect1vely. Then the duality 

cond1t1ona require that 

(10) (1 ... 1, ... ' m; J • 1, ... , r), 

(ll) ( 1 - 1, . . . , m). 
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(12) ( i • 1 , ..• , m j J =- 1 , ... , r+ 1) , qr+ 1 =- 1. 

We det1ne the qJ's and p1 •s y r equirin equality forth 

bae1c variables in (12); i.e., w r q~ l,e 

(13) a 1jqJ - p1 • 0 fo r 1 , j correspondin to xiJ ) 0. 

We shall show t hat (12) no d s also fo r every nonbas1c variable 

such as x1 J , say ; i .e., we s a ll sow that 
0 0 

. ( - ) 
pi /qi 

0 0 '> 1 • a ,_ 
io,Jo 

Now xi J aan be expressed in te~ of a subset of the 
0 0 

basic variables, say i l J 'xi j , xi J • xi J ' ... , xi J , 
1 0 1 2 l 2 2 0 k 

where thie ee com lned w1 th x forms the orners or a 
1oJo 

c l oaed loop in t he (x1J) matrix. 

To etmp l 1fy the notation, le t 

(u, v ) • a 1 J . 
u' v 

T en from ( 13 ) we have 

(u, u -1 ) • p
1 

/ q , 
u "'u-" 

( u , u ) 

(0, k ) - Pt qJ . 
0 k 

' 



Tnererore, we nave 

(u, u -1) I (u, u) 

Hence, the rat1o 1n (1-) ean be written as 

P1 I q1 k o o to~ _k) {u, u - 1) 
- {0, d) ""' w,-cJJ uDl (u, u) 

- . fHt Jt ( U I U - 1 ) ~{ {_ U __. 0) 
( ' u) ul~ ~ 

[ (o. k) (k~ O}J rr 
\'lC:Ki ~ u-o [ 

{ u + 1 ( u ) ( u' 0 >] 2 fu, UJ( U + l, 0) l , 

since y ( ) t e value or eae eavy bracket roup 1e 2 l. 
Tbue, ( 12 ) 18 veri f ied tor everJ x1J' and lr+ l 1e an 

optimal l1near pro ra..lng aol u t 1on to Pr+ . That 1a, ( ) ho l ds 

r or each r, and t he t heorem 1a ~rove<1 . 
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